Description of dynamic behaviour of three phase asynchronous induction
machines by means of space phasors

1 Simplifying assumptions
e Phase symmetric windings are assumed, as well as symmetry of the whole machine
structure.
¢ Only first harmonics (in space) of current coverage, field excitation curve and flux
density distribution are taken into account.
e Waveform of all signals is not restricted.
¢ Resistances and reactances are considered as constant parameters.
e Eddy currents in solid iron as well as iron losses and friction losses are neglected.
e Skin effects are neglected.
2 Systematic of formula symbols
Capital letters root mean squares
instantaneous values dependent on time, not p.u.

Underlined capital letters complex time phasors
lower-case letters instantaneous p.u. values dependent on time
underlined lower-case letters complex space phasors
Used symbols: Used indices:
f frequency a, b, ¢ stator phase winding
o angular velocity A, B, C rotor phase winding
t time S stator
T normalized time (p.u.); R rotor

time constant N nominal , _
S slip (K) coordinate system, rotating with
D power: arbitrary angular velocity

number of pole pairs (S) coordinate system fixed to the
m torque stator (SKS)
r ohmic resistance (R) coordinate system fixed to the
X reaktance rotor (RKS)
u voltage o real part
i current p imaginary part
v flux linkage m mechanical
y rotational angle el electrical

(stator against rotor) L load
) rotational angle v losses .

(SKS against stator) H magnetizing
o phase shift (in time) h :ma:(”
0 moment of inertia (not p.u.) o .ez agg
c magnetic leakage factor ! . induce

: ) . X conjugate complex

K magnetic coupling coefficient
B reciprocal of a time constant
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3 Usage of per unit values
Used reference values are:

e amplitude of stator’'s nominal voltage (per phase) \/EUN for all voltages
e amplitude of stator’'s nominal current (per phase) \/E-IN for all currents

o flux linkage x/E-UN/QN belonging to nominal voltage and nominal frequency fy for
all flux linkages (Q, =2=n-fy)

e impedance U,/ for all impedances

e 1/2n-times the period interval at nominal frequency fy for time
Therefore time is measured by an angle t=Q -t.

e apparent power 3-U, -1, for all powers

e torque derived from nominal apparent power and synchronous angular velocity (at
nominal frequency) for all torques.

4 Representation of operation condition of a three phase asynchronous induc-
tion machine by means of complex space phasors

Feeding a m-phase symmetrical winding with m alternating currents which are shifted in
phase by T/m (T...period interval) generates a rotating current coverage with distinct
sinusoidal first harmonic (in space).

Changes in axial direction are neglected, therefore it is possible to describe this sine
wave by means of a phasors in the complex plane. The origin is located at the ma-
chine’s axis of rotation.

When describing the operational behaviour of the machine, three particular angular ve-
locities of the coordinate system are important:

e wkxk=0 SKS coordinate system fixed to the stator
e ok =ws DKS coordinate system fixed to the rotating magnetic field
e ok =0n RKS coordinate system fixed to the rotor

In a coordinate system fixed to the stator the three phase currents of the stator i, ip, ic Of
a three phase winding are united in the stator’s current space phasors is.

The corresponding coordinate system is identified by an additional index in brackets:
(S) ... fixed to the stator, (R) ... fixed to the rotor

. 2 | . .
!S(S):g'(la-i_g'lb-i_gz'lc) (1)
21 43
usinga=e?® =——+j— 2
ga S+ (2)

This may also be read as a formal definition.
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Solving this equation we obtain the phase currents (using i, +i, +i, =0):

iy = Re(iS(S)) (3)
ib = Re(gz 'iS(S)) ( 4 )
e = Re(g'iS(S)) (5)

Space phasors representing voltage and flux linkage are defined in the same way.

Analogous to that the rotor phase currents are united in the coordinated system fixed to
the rotor:

. 2 | . .
!R(R):§'<IA+§'IB+§2'IC) (6)

Using a coordinate system rotating with arbitrary angular velocity the conversion ov a
space phasors i into another coordinate system is shown:

The coordinate system fixed to the stator has the angular velocity ok = 0.

The coordinate system fixed to the rotor has the angular velocity ok = om.

The angle of twist y against the coordinate system fixed to the stator is: % =0, (r)
T

An arbitrary coordinate system has the angular velocity wk.

The angle of twist & against the coordinate system fixed to the stator is: ? = oy (1)
T

i—j_ .eB =i .e i) i =i .e
k) =ls) "€ k) =lr) "€ Ir)y =ls) "€

Since angular velocities in general are dependent on time, we have to obey product’s
rule when differentiating with respect to time:

dig, di, 5 . s (.d8) digy 5 ..
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5 Description of dynamic behaviour of three phase asynchronous induction
machines by means of space phasors equations
5.1 Voltage equations

Starting with Maxwell’s 2" law, using a consumer oriented reference system we obtain
the voltage equation for one phase of the machine:

rotéz—ﬁ :ﬂ?ﬁ-dg:_dwa =Rg 1, -U, i (7)
ot dt Uy
. dy 2
= U, =re i +—2= = 8
a S 'a d’C 3 ( )

Analogous to that we can write down the voltage equations for mphases b and c:

. dyy 2
u, =rg i, + -—a 9
=T iyt 32 (9)
U, =re i +—% -—a 10
[ S 'c d'C 3_ ( )

Multiplying the equations by the indicated factors and summing up equations
(8)—(10) yields the stator’s voltage equation as space phasors representation:

— (11)

Analogous the rotor’s voltage equation in the coordinate system fixed to the rotor is:

d
o iy + 2
R "'R(R) dt

Ur(r) (12)

Transforming both voltage equations to a common coordinate system yields:

dy

Usik) =Ts “Isk) +T(K)+J(DK Vs (13)
dy

Urk) =R "Irk) +%+J(®K _(’)m)'YR(K) (14)

The practically important special cases for coordinate system fixed to the stator, the ro-
tor and the rotating magnetic field we may obtain by substituting the special values of
angular velocity for wk.
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5.2 Flux linkage equations

Superposition of the three fundamental field excitation waves generates a total magne-
tomotive force which generates the main magnetic flux:

ip.(K) :iS(K) +iR(K) (15)

Ehth'iu (16)

Furthermore we assume that magnetic leakage fluxes only are dependent on stator re-
spectively rotor current:

Ve, = Xso “ls (17)

ERoszG'iR (18)
Using that we obtain the equations for total magnetic flux linkage:

Hszyh—i_YsG:xs'is—i_xh'iR (19)

szyh—FyRG:Xh.iS_FXR.iR (20)
In this context the following equations apply:
Xg = X, +Xg, (21)

Xg = X;, + Xpg (22)

5.3 Electromagnetic torque; equation of rotational motion

The torque generated by the machine can be derived from a power balance; the electric
instantaneous power:

P(t)=U, I, +U, -1, +U_-1_+U, -1, +Ug -l + Ug -1, (23)

is divided by the nominal apparent power S, =3-U, -l:
2 . , , , . .
p(T)Zg(Ua Ay +Up iy +U -0, +U, -1y +Ug -ig +Ug -|C) (24)

Using space phasors the instantaneous power may be written as:

p(t) =Relug -ig +ug -iv) (25)
Instantaneous power may be split into three quantities:

p(c)=p, (1)+p,(c)+Pn(c) (26)

Pv(T) ... losses in stator and rotor
pu(T) ... change of stored magnetic energy
Pm(T) ... mechanic power
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Using the voltage equations we obtain:

. R d . d .
p(r)—Re(rs-is-is+rs-iR-iR)+Re{ Ys iy ER-iRJ

dt dt (27)
......... +Reljoy (v, -is + v, it )-Reljo, -v_ i)
Transforming the 3" term we find:
Reljoy - (v 15 + v, ix ) =Re(jo, T)
L= (Xg +ig + Xy +ig )-is + (X, is + X g} i = = [ is a real number. = Re(joy -T)=0
...... Xs is is + X in in + Xy (s + e i) )
Comparing both expressions of instantaneous power yields:
p,(x) =Relrs -is 15 +15 iy -ir)
pp(r)Re(d;—"j -i;+diR -i;] (28)
p.(t)=—Reljo, v i)
Mechanical power can be formulated by using stator values:
(1) = —Reljon, -(x, -is + X *ig)-ix) (29)
Since i |R is a real number, the follwing Re(jwm “Xg ‘g -i*R): 0 is valied and from there:
P (7) = —Reljor, - X, -is -ix) (30)
Since i -is is a real number, we may add Xg ig to Xp e
pm(r)z—Re(jmm ‘g -y;): Im((om ‘g -y;)z ®, Mg (31)
:melzlm(is-y;) (32)

Using reference values of torque and time we obtain the equation of rotational motion
using per unit values:

dQ, .
0- dt :Mel_ L (33)
. . Q
SN:M T, =0, T, =Q, -0 mN (34)
’ Qg /p Msn
17m'dwm:me|_mL (35)
dt
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5.4 The complete system of equations

Using a coordinate system rotating with arbitrary angular velocity ok the machine’s
equations read as follows:

Ue =g -i +—dys+joa
Ss Tls s T kK" ¥Yg
dy.
Ugp =TrIr _R+J(0)K_O‘)m) Ve
Hszxs‘isﬁLXh‘iR (36)
Yo =X, ig + Xg tig
. do,, m
m d’C el L
mg = lm(is Es)

Is =+ ~ Vs Yk

g =- Yt "Vr

The total magnetic leakage factor is defined as follows:

2
Xh

oc=1-kx=1-
XS'XR

6 The zero-sequence system

Generally the feeding system of alternating currents is no longer symmetric as as-
sumed in chapter 4, the sum of the currents is no longer = O:

i0=%(5+%+g) (39)
The zero-sequence system makes no contribution to the space phasor:

iy +a-iy +a”-i; =0 (40)
The zero-sequence system has no effect on the main field and causes only parasitic

effects. Therefore it has to be calculated separately, it has to be added during back
transformation:

Uy = rg -io + 9V (41)
0 S 0

dt
i, =i +Relig(s)) (42)
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